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ABSTRACT 

We generalize the recently proposed noncommutative ADHM construction to the 
case of F-equivariant instantons over M^, with T a Kleinian group. We show that a 
certain form of the inhomogeneous ADHM equations describes instantons over a non- 
commutative deformation of the Kleinian orbifold C^/F and we discuss the relation 
of this with Nakajima's description of instantons over ALE spaces. In particular, we 
obtain a noncommutative interpretation of the minimal resolution of Kleinian singu- 
larities. 
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Introduction 



In a recent paper N. Nekrasov and A. Schwarz proposed a noncommutative version 
of the ADHM construction of instantons over R^. This can be obtained by deforming 

to a noncommutative space and repeating the steps of the usual ADHM construction 
in the new, noncommutative set-up. 

In the present paper we describe a generahzation of these considerations to the 
equivariant case, i.e. to the case of instantons in V-bundles over an orbifold W/r 
with r a discrete group. Since we are interested in making contact with the work 
of [0, ^, ^, 10, 11, |l3| on the resolution of equivariant instanton moduli spaces, our 



discussion will be limited to Kleinian groups (i.e. to finite subgroups of SU{2)). 

Our description is essentially a F-equivariant version of the construction of 
While the commutative limit of ||^ is the usual ADHM construction over M'*, the 
commutative limit in our case will be an equivariant version of the ADHM construction, 
which was studied (in the case F = Z„) in ^, |6| and is implicit in the work of 

0,1, 1, 0, 113,11, [U. 

Our results provide a re-interpretation of the quiver varieties of Q as moduli spaces 
of equivariant noncommutative instantons. Moreover, they give a different version of 
the resolution mechanism, which is natural from the point of view of matrix theory. 
In fact, the motivation of the present work lies in an effort of understanding certain 
aspects of the resolution of Kleinian singularities by D-branes, a subject which was 
investigated in |2|, |^ . 

The plan of this paper is as follows. In section 1, we review equivariant instantons 
and the classical equivariant ADHM construction. For lack of a suitable reference, 
we give a rather detailed account of the steps involved. In section 2, we develop its 
noncommutative version. To display the equivariance properties in a way that is easy 
to manipulate, we follow an approach which is more geometric than that adopted 
in [p. Besides avoiding complicated matrix arguments, this has the advantage of 
illuminating the simple geometric origin of the construction, while clearly displaying 
the mathematical structures and technical assumptions involved. In section 3, we 
discuss the relation between our results and the work of [^, ^, ^. Finally, section 4 
presents our conclusions and suggestions for further research. 



1 The classical equivariant ADHM construction 

The well-known ADHM construction of instantons over has a natural equivariant 
version |Q, |5|, |6|, § . The latter describes equivariant instantons over M^, or (equivalently) 
over S'^. 

For our purpose it is convenient to formulate this as follows. We start with a two 
dimensional complex hermitian vector space Q and with a finite subgroup F of SU{Q). 
We let be the underlying real vector space of Q. The natural action of F on Q 
will be denoted by pq (the fundamental representation of F). Choosing a real basis 
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of Q identifies it with R , while the one -point compactification Q = Q U {00} is 
identified with S^. On the other hand, choosing a complex orthonormal basis of Q 
identifies Q with and SU{Q) with SU{2). The action of F on Q extends to the 
Alexandrov compactification Q S^. The resulting action on Q has two fixed points, 
corresponding to G Q Siud to the point 00. 

Our instantons can be thought of as connections in a ^-bundle (for background 
on V-bundles, their topological invariants and equivariant connections, the reader is 
referred to |]l6|) over Q/T or (via Uhlenbeck's theorem on removable singularities) over 
Q/T. The extension to Q/T is essential for the topological classification of V-bundles, 
but the analytic aspects are clearer if one works on Q/T, and this paper we follow the 
latter approach. The only topological result we need is that SU{r) F-bundles E over 
are classified by their second Chern number C2{E)[S'^] and the isotropy representations 
PO)Poo- The latter are defined as the actions of T on the fibers Eq, E^ over the fixed 
points. 

1.1 V-bundles and equivariant connections over Q/T 

In this section we briefly recall some basic facts about hermitian V-bundles and their 
equivariant connections, as they apply to our situation. 

Generalities 

A hermitian V-bundle on Q/T is a pair {E, (p), where E is a hermitian vector bundle 
over Q (of rank r) and (p is a family of unitary isomorphisms: 

Ml) ■ Et Ep^^^)t 

(7 G r, t G Q) satisfying the compatibility conditions: 

0t(7l72) = </>pg(72)t(7l)0t(72) 

A hermitian V-bundle isomorphism is a unitary bundle isomorphism compatible with 
this structure. 

The fundamental representation of T induces an action by *-automorphisms of 
the algebra J-{Q) of smooth functions defined over Q. v{'^)f := /''' is given by: 

Pit) = f{PQ{l-')t) (1) 

for all t € Q. On J-{Q) we consider the natural prehilbert module structure given by 
the hermitian form: 

< /,<? >=lg , 

which is j/-equivariant in the sense: 

<P,g^ >=<f,g>'' . 
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Let £ be the space of smooth sections of E. Then the F-structure of E induces a 
representation ve by C-hnear automorphisms of £■ via ve{s) := s'^, with: 

s'y{t) ■= (t)pQ(^^-i)t{i)s{pQ{T^)t) . 

E is an ^((5)-bimodule, but ve is not an action by module automorphisms; rather, it 
is compatible with the action v on Tiff): 

The hermitian product of E induces a hermitian metric <, > on £, which makes it 
into a hermitian J^{Q)-module ('prehilbert module'), ve is also compatible with this 
structure (we say that i^e is 'quasiunitary'): 

< sj,sl > = < Si,S2 >^ • (2) 

We also consider the linear action of T on the space X{Q) of vector fields over Q: 

:= /,q(7). X 

for all X G X{M). This action is again compatible with v. 

{fxy = rx^ . 

If we pick a basis {ea)a=i.A of Qr, then the vector fields da ■= gf- form a basis of the 
.F(Q)-module X{Q). It is easy to see that: 

where {pQi'y)ai3)a,i3=i.A is the matrix of pq^ci) in that basis. 

For any vector t G Qr, the usual directional derivative {dtf){s) = {dsf){t) gives a 
vector field dt G X{Q). If t = t^ea, then dt = t^da- The vector space T of such fields 
is isomorphic to Qr; it forms an abelian Lie algebra, which can be naturally identified 
with the Lie algebra of {Qm, +)■ Then (dt)'^ = dti, with = PQ{'y)t. 



Equivariant connections 

A connection V : X{Q) x £ ^ £ is equivariant if: 

VxAs^) = {Vx{s)r (3) 

for all X G X{M), s € £ and 7 G T. Such connections are called invariant in ^, P]. 
There one considered a more general set-up, in which equivariance cannot be realized 
in terms of a V-structure. In this sense, our situation (in which a V-bundle is given by 
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hypothesis) is only a particular one, but it is this case which is related to the work of 
0. 

We will always be interested in unitary connections, i.e. connections compatible 
with the hermitian structure of E: 

< VjfSi, S2 > + < si,VxS2 >= X < Si, S2 >, Vsi, S2 & £, £ X{Q) . (4) 

V is clearly determined by its restriction to T. Denoting Vg^ by Vt, it therefore suffices 
to test (^J^ for the vector fields dt,t G Qr: 

vtAs^') = (yt{s)r (5) 

<VtSi,S2> + <Si,VtS2>=dt<Si,S2> . (6) 

Since Q is retractible, any vector bundle E over Q is topologically trivial; in par- 
ticular, the module £ is free. Fixing a unitary trivialization E ^ Q xC^ , we can define 
the trivial connection V*^ on E by Vjc(s) := ds(X). Changing the trivialization affects 
V'^ by a gauge transformation, so V'' is essentially unique. It is immediate that V'^ is 
equivariant. 

A more explicit form of the equivariance condition can be obtained by choosing 
an orthonormal frame (sj)j=i, ^ of E. Such a frame defines a unitary trivialization 
-0 : E via ipt{ui) '■= Si{t) (t £ Q), where = Q x C^. Here {ui)i=i,,r is the 

canonical basis of C^. The sections (sj)j=i..r give a basis of the free .F(Q)-module £. 
Since ue satisfies (|2|), [s'J)i=i,,r also form an orthonormal frame . Defining cr^^jj by: 

j=l..r 

we construct matrix-valued functions := (i7^,ij)ij=i..r- They satisfy: 

'-''7172 ~ ^71 ('^72)'''''" • (''') 

Clearly cr^{t) is unitary for all t £ Q. The connection 1-form A = (^ij)ij=i..r in our 
frame is given by: 

Vsj = SjAji . (8) 
It is not hard to see that the equivariance conditions (|3|) are equivalent with: 

PQ{r'rA = a-\d + A)a^ (9) 

where /oq(7~^)* denotes the pull-back. This says that, under the action of T, A trans- 
forms as a 1-form 'up to gauge transformations'. Under a change of orthonormal frame 
(unitary gauge transformation) s'^ = UjiSj, A and transform as: 

A' = U-^dU + U-^AU 

a' = U-^a.,U^, (10) 
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where U := (C/jj)ij=i..r € U{r). 

ip can be used to transport the V-structure of £^ to a V-structure (pe on C'' by 
requiring that the fohowing diagrams commute: 

V't T O T V'pQ(7)t • 



This makes ip into an isomorphism of V-bundles. Identifying C witli the space of 
column vectors, 4'e,t{l) acts by matrix multiphcation: 

0e,t(7) = 4>E,t{l) ■ 

and (pE,ti'y) coincides with the matrix of ^E,t{l) taken in the bases (si(t))i=i..r-5 Si{pQ{'^)t)i=i,_r 
of Et, respectively Ep^(^^-^^. Moreover, we have: 

This displays the way in which the V-structure of E is encoded in the gauge transfor- 
mations cr-v. 



Product V-structures 



If 5 is a hermitian F-module, construct an associated bundle S_:= Q x S with the 
induced hermitian structure. The action ps of F on 5 induces a unitary F-structure 
on S_ via: 

(PsA^) ■= psii), vt G Q, V7 G r . 

Such hermitian V-bundlcs will be called product V-bundles. They are the natural 
analogues of trivial bundles. In this case, the action vs is simply: 

■= PQ®cv . (11) 
In fact, the free module S has a distinguished presentation: 

s = s®c:f{q) . 

Note that, if L is the trivial T-module (of dimension 1), then C = J-{Q) and = v. 

It is easy to see that a hermitian V-bundle E is isomorphic with a product hermitian 
V-bundle iff E admits an orthonormal frame (si)j=i..r in which all of the matrices are 
constant. In this case, Or^ form a unitary representation cr of F, and E is isomorphic 
to the product V-bundle Q x E, where S = (C'^,(t) is the corresponding hermitian 
F-module. 
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1.2 The equivariant ADHM construction 



The construction proceeds as follows. One starts with two hermitian F -modules V, 
W, of dimensions v,w and with equivariant ADHM data B G Homr{V,Q (8) V), I G 
Homr{W, A^Q V), j G Homr{V, W) 

To display the equivariance properties, the more traditional data -61,-62 £ Hom{V, V) 
have been replaced by H G Homr{V, Q^V). -81,-82 can be recovered by choosing any 
orthonormal basis (61,62) of Q and decomposing B = 61 (8) -Bi + 62 (8) -82- Then the 
equivariance of B is expressed by: 

/9Q(7)ei (8 (7)-8ipy(7~^) + PQ{^)e2 (8 py(7)-82/9y (7"^) = 61 (8 -81 + 62 (8 -82 



(for all 7 G r). Writing Pq(7) = ^ _ _ J G SU{2) for the matrix of 7 in our 
basis, this reads: 



The basis ei, 62 gives a nonzero vector ei Ae2 of the 1-dimensional complex vector space 
A^Q; this allows us to identify A^Q with C. Under this identification, / becomes an 
element i of Hom{W, V). Note that the representation of T induced on A^Q is trivial. 
Therefore, as far as equivariance properties are concerned, we can always view / as the 
element i of Hom(W, V). Indeed, we will often do this below. With this identification, 
the equivariance conditions on i,j are: 



Let Pr{V, W) = HomriV, Q^V)® HomriW, V) Homr{V, W) be the total space 
of ADHM data. This space admits a natural action of Gy ■= Ur{V) given by : 



Here Uy{V) is the set of all unitary transformations of V which commute with the rep- 
resentation pv- Pr can be endowed with a natural structure of hermitian quaternionic 
vector space, given by the complex structures I, J, K, where I is the original complex 
structure of -Ft, J is given by : 

J((6i (8 Si 62 (8 -82) e z j) := (-61 (8 -8^ + 62 (8 -Bi) © (-j+) © (i+) 

and K = IJ. 

With this quaternionic structure, the action of Gy is unitary symplectic. The 
associated hyperkahler moment map is given by the usual expressions: 




pvil )-Bipi/(7) = 71^1 + 72^2 



pwil ^)w(7) = i 
Pv{l~^)jpw{l) =3 ■ 



{Bi,B2,i,j) ^ {UBiU-\UB2U-\Ui,jU-') 
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fir{Bi,B2,i,j) = '^i[Bi,B+] + [B2,B+]+ii+ ~j+j) 
HciBuB2,i,j) = [Bi,B2]+ij . 

To describe instantons (as opposed to more general objects), one requires that the 
stabiUzer of {B, in Gy be trivial. The set of all data of trivial stabilizer in Gy will 
be denoted by Pp'^{V, W). 

In the classical construction, the ADHM data are also required to satisfy the ho- 
mogeneous equations: 

llr{BuB2,i,j)=0 (12) 

(the real ADHM equation) 

fic{Bi,B2,i,j) =0 (13) 

(the complex ADHM equation). 

The main claim of the ADHM construction is that the hyper kahler quotient Mq^^{V, W) :- 
{{B,i,j) G P^^^{V,W)\iJ.r{B,i,j) = iJ.c{B,i,j) = 0}/Gv is isomorphic with the moduli 
space of equivariant SU(w)- instantons (framed at cxd) over S'^ of second Chern number 
C2{V)[S'^] = dimV and isotropy representations po = PQ(S)V®we{V®V), Poo = Pw- 

To obtain the associated instanton connection, one defines maps : 

at:={B-m)®j:V^Q'S)VeW 
Tt := [B Aq -idv (tA)] +i:Q®VeW^ A^Q ® V (14) 

where the operator BAq : Q F — > A'^Q (g) 1/ is given by: 

H Aq (s (g) v) := B{v) Aq s 

(for all s G Q and v eV). Here Aq is the wedge product in Q. It is easy to see that: 

(t<8)) o pvi-f) = pQ<^v{l) o [{pq{i'^Y)®] 

it/\) o PQ0V(7) = Pvil) o [ipQi7~^)t)A] . 
Together with the equivariancc properties of the ADHM data, this gives: 

o"t o Pvil) = PQ^V^wil) o o-pQ(7-i)t 

Tt o PQ®V(Bwh) = Pv{l) o TpQ(7-i)t ■ (15) 

Using the basis (ei, 62) of Q to identify Q ®V ^ V ®V hy u = v\® e\ + V2® e2 G 
Q ® V ^ {v\,V2) ^ V ® V and h?Q k, C gives the familiar expressions: 

/ Bi-ti\ 
at := B2-t2 \ G Hom{V, V(BV(BW) 

\ ^ J 

Tt := ( -B2 + t2 Bi-ti i ) G Hom{V (BV(BW,V) 
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for all t = ti ei + 12 62 G Q- 

For data satisfying fj.c{S,i,j) = and fir{B,i,j) = 0, the trivial stabilizer require- 
ment is equivalent with the pair of conditions: 

(a) If T is a F-invariant subspace of V such that Bi{T) C T , B2{T) C T and 
T C kerj, then we have T = 

(b) If T is a F-invariant subspace of V such that Bi{T) C T , B2{T) C T and 
imi C T, then we have T = V , 

and with the pair of (apparently stronger) conditions obtained from these by dropping 
the requirement of F-invariance of T. 

On the other hand, if ^c{S,i,j) = 0, then (a) is equivalent to injectivity of at for 
all t G Q, while (b) is equivalent to surjectivity of Tt for all t G Q. Moreover, the 
complex ADHM equation implies that Ttat = for all t. These last statements are true 
regardless of the value of fir{S,i,j). 

Thus for data satisfying both ( |T^ ) and (|^), we have monads 

— >V ^Q(S)V®W — >0 

for all t G Q- These give a vector bundle monad over Q: 

— >V^Q0V®W^V — >0 , (16) 

and the equivariance properties imply that cr, r are V-bundle morphisms. 
The instanton bundle is given by the cohomology of (|16|): 

E := kerr/imcr . 

To induce an instanton connection on E, one proceeds as follows. First, define the 
operator: 

Vt:={T+,at)GHom{V®V,Q(S)V(BW) (17) 
Then Et can be identified with kerPj", which represents E as a subbundle of the bundle 

u ■=Q^veW- 

Next, the trivial connection V*^ on U induces a connection on E by: 

Vx{s) := WSiis), MX G X(M), Vs G ^ 

where we let P be the orthogonal projector in the hermitian bundle U on the fibers of 
the subbundle E and V the associated projector on sections. This connection turns out 
jl7| | to be anti-self-dual and of square-integrable curvature; it is the desired instanton. 
The equivariance properties (|l5|) give: 

PV®v{l) o = o PQ<i!)V®w{l) , (18) 

which says that is a V-bundle morphism. It follows that the map (j)Q^v®w,t = 
PQ^V^wil) induces a unitary isomorphism (j)E,t{'y) between the fibers Et and Ep^(^^^f 
These identifications define the V-bundle structure of E. For t = we obtain the 
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isotropy representation po = PQ^V®w{'y)\Eo- Since is an isomorphism on the 
orthogonal complement of Eq, we have Eq = Q V ® W Q (V (B V) as an abstract 
F-module. On the other hand, taking t — > oo, shows that the isotropy representation 
at oo is given by E'oo = W. 

V is an orthogonal projector of the hermitian J^{Q)-module U, whose image coin- 
cides with the space of sections £ of E. Property (p^) can be rewritten : 



V ovu = vu°'P . (19) 



Since the trivial connection on U is equivariant, (19) implies the equivariance of V. 

An explicit expression of V can be obtained by picking a unitary trivialization ('a 
gauge') of E, i.e. a map: 

i^:Q^ Hom{C", Q(^V®W) 

such that ipt'^t = Ic™ 'Dfipt = 0. By noting that ipt{ui) gives an orthonormal 
basis of Et for all t G Q, one sees that the connection 1-form A of V coincides with the 
matrix of the (form-valued) linear operator: 

'A := tp^dij) 

in the canonical basis (tii)i=i..«, of C" . Equivariance of V can be formulated in terms of 
the connection 1-form A as in (^), and a trivial computation shows that (T-y{t) coincides 
with the matrix of the linear operator: 

in the canonical basis of . 



1.3 Quiver description of the equivariant ADHM data 

To make contact with the quiver description of 0, ^, let Ri {i = 0..r) denote the 
irreps of F (with Rq the trivial irrep.) and R be its regular representation. Let 
Ui := dimci?i and n := dim^i?. We have R = ©j=o..rC"'* Ri. Let V = ©j=o..r^i ® Ri, 
W = ©j=o..r^i © Ri be the decompositions of V, W in irreps of F. Define a symmetric 
matrix A = {aij)ij=o,,r by: 

Q®Ri = ®j=Q..rC""' © Rj , 

and let C = 21 — A. The McKay correspondence asserts that C is the extended 
Cartan matrix of a simply-laced Lie algebra gr . Then A is the incidence matrix of the 
associated extended Dynkin diagram A (in particular, aij = aji £ {0, 1}). 
Schur's lemma gives decompositions: 

HomriV, Q(g)V) = ©ij=o, a,,=iHom{Vi, Vj) 
Homr{W,V) = ei=o„rHom(Wi,Vi) 
HomriV, W) = (Bi=o..rHom{Wi, Vi) . 



10 



Accordingly, we have decompositions: 



^ — ffiij=0..r, aij=lBij 
I = ©fe=0..r^fc 
j = ®k=0..rjk ■ 

Viewing Bij, Bji{ior: aij = 1) as associated to the hnks of A and ik-,3k as associated to 
its nodes recovers the desired quiver description. Define: 

V := {vo...VrY 
w := {wo...WrY 

where Vi := dinicFj and Wi := dimcVFj. Then the isotropy representations at 0, oo are 
given by: 

Eo = Q0V®W-{V(BV)= J2 ""i^i 

1=0. .r 

Eoo = W = ®i=l..rWiRi 

with Ui = Wi — ^j=Q,,rCijVj. Since kerC is one-dimensional (being spanned by the 
vector n = {jiq-.tIj.) associated to the regular representation), knowledge of po,poo 
determines w completely, but fixes v only up to a multiple of n. 

1.4 Ideal instantons 

A partial compactification of M.q^^{V, W) is given by the moduli space of ideal equiv- 
ariant instantons: 

Mo(.V,W) := {{B,i,j) e Pr{V,W)\fir{B,i,j) = Pc(.B,i,j) =0}/Gv , 

which is obtained by dropping the trivial stabilizer condition. Since the action of Gy 
is no longer free, the ideal instanton moduli space is, in general, singular. 

As explained for example in ||T^, ideal instantons are pairs formed by a usual 
instanton (of lower second Chern number) and a set of points (which may be void). 
The latter are sometimes called 'small instantons' in the physics literature and are 
obtained as follows. If {B,i,j) satisfies the homogeneous ADHM equations but has 
nontrivial stabilizer in Gy, then one of the conditions (a), (b) above fails, so that 
there will exist a (finite) set of points ti..ts G Q such that is not surjective (i.e. 
either at^ is not injective, either r^. is not surjective). At such points, the dimension 
of Ef jumps, so that the bundle E is replaced by a sheaf. If one attempts to apply 
the ADHM construction nonetheless, one will obtain a connection having singularities 
at these points. Intuitively, a part of the instanton has collapsed to zero size. In 
general, the dimension of Et may jump by more than one, and in this case the point 
t is taken with multiplicity equal to this jump. Such points correspond to 'coalescing 
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small instantons'. Since they are directly related to ADHM data with a nontrivial 
stabilizer, small instantons are responsible for the singularities of Mq{V, W). 
In our case, the equivariance properties of a, r show that: 

pv{l)kerat = kerap^^^^t 
pv{l)imTt = imTp^^^)t (20) 

so that the sets S^, Sr of points where cr, r fail to have maximal rank are F-invariant 
(including their multiplicities). Hence the set U Sr of 'small instantons' (with mul- 
tiplicity) also has this property. Clearly the situation is different according to whether 
t = (the fixed point of the action of F on Q) or t belongs to the set Q — {0}, on which 
F acts freely. In the latter case, we have |F| different 'images' and one can deduce a 
constraint on V. Indeed, it not hard to see that small instantons can occur outside 
of the orbifold point only if V contains the regular representation of F as a direct 
summand. 

Therefore, if V does not contain R, then small instantons can only occur at the 
fixed point (in this case, kerao and kerro must be invariant subspaces of V, which 
constrains the allowed multiplicities). Hence for such choices of V, the singularities of 
M-oiy, W) are a direct consequence of the presence of the fixed point. 



2 Noncommutative version 
2.1 Intuitive considerations 

Fix ^ < 0. In this section, we wish to repeat the ADHM construction by starting from 
equivariant data {B,i,j) £ Pt{V,W) which obey the following inhomogeneous form of 
the ADHM equations: 

HriBi,B2,i,j) = --C^Idv 

p,{Bi,B2,i,j)=0 . (21) 

We do not impose any extra-conditions on (B,i,j). 

In the classical construction, anti-self-duality of the ADHM connection is a conse- 
quence of the relations ra = 0, a~^a = tt^ , which assure that Df'Dt = I2 (8) A, with A 
a positive operator. These relations are induced by the homogeneous equations (|l^), 



(IS). The beautiful observation of ||T| is that these key properties can also be satisfied 
for data obeying (|2l| ) if one promotes ti,t2 to non-commuting variables zi,Z2 such 
that: 

[zi,z+] + [z2,4] = C; k,^2]=0 . (22) 

Then the steps of the usual ADHM construction can be repeated in this noncommu- 
tative set-up. 
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The conditions ( p2[ ) are solved by taking [zi,Zj~] = 2rj5ij, with r/ = | < 0. Since 
the fundamental action of T preserves these relations, it follows that pq extends to a 
morphism of the *-algebra generated by Zi, allowing us to define a noncommutative 
deformation of the orbifold Q /T and to carry over the classical equivariant arguments 
to the noncommutative case. 

We now proceed to give a more rigorous form to these intuitive ideas. For this, 
we must give a clear description of the noncommutative deformation of the base space 
and develop the noncommutative analogues of the building blocks which entered in the 
equivariant form of the classical construction. 



2.2 The noncommutative version of the base space 

The desired noncommutative deformation of Q can be achieved in two different but 
equivalent ways. The first method (which we will follow here) is inspired by the ideas 
of deformation quantization while the second approach proceeds via Weyl systems and 
is explained in Appendix 1. 



Approach via deformation quantization 



By virtue of the Gelfand-Naimark theorem, the commutative space Qm can be de- 
scribed by its (non-unital) C*-algebra Co((3]r) := of continuous functions vanishing 
at infinity. For our purpose it is more convenient to start with the algebra Cu{Qm) of 
bounded uniformly continuous functions on Qr, which has a unit. 

To define a noncommutative deformation controlled by the parameter r], view Qr 
as a symplectic space with the symplectic form lo := Im <, >. Consider the natural 
(strongly-continuous) action a of ((5k5+) by *-automorphisms of Cu{Qm) given by 
translations Ou '■ f ^ fu, where: 

fu{t) := fit + u) (23) 

for all t E Qr. The set of smooth (i.e. C°°) vectors for this action is the subalgebra 
i3Q° of infinitely differentiable functions over Qr, whose partial derivatives of any order 
are bounded on Qr. The deformation quantization of B'q' along the symplectic form 



rju! can be achieved [18| by replacing the original product of Bq^ by the Moyal product. 



which is formally given by: 

(/ X, g)it) := [e-^2V-"'9-9^fiu)giv)U,..=t (24) 

(here n^'^ is the inverse of the matrix ujf^u)- This gives a new involutive algebra structure 
on the set Bq^, which we denote by B^. Note that the sets Bq^ and B^ coincide, and 
the involution of B!^ is still given by the usual complex conjugation. As explained in 



|18], one can introduce a norm ||.||^ on B'i^ , compatible with the deformed product 
x^. Taking the completion of B!^ with respect to this norm gives a (unital) C* 



algebra B^. It turns out ||18[ that a extends to an action by *-automorphisms of the 
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new algebra structure {B^, x^, +, ||.||,j), and the subalgebra of smooth vectors for this 



action coincides with B^. 



For our purpose, the completion will be of little import, since we will concentrate 
mainly on the geometric aspects of the problem. For this, it will suffice to consider the 
restricted formalism of gauge connections developed in 2C], which involves only the 



subalgebra B^. To summarize, then, B^ is the set Bq^, with the usual addition and 
complex conjugation of functions, but with the new product given by (|2^). The 
action a of {Qr, +) on B^ is the usual action by translations (|23|), which is an algebra 
morphism of B"^ : 

au{f Xtj g) = auif) x-n au{g) ■ 

Since a acts by *-automorphisms of B^, one obtains an action ad^ of {Qm.,+) by 
derivations, compatible with the involution. Clearly ada{t){f) is the usual directional 
derivative dtf and the derivation property reads: 

dtU x^g) = {dtf) Xr,g + f >in{dtg) ■ 

For later use, define the differentiation operator d : B^ — > (Qr)* B^ by: 

idf){t) := dtf . 

Here (Qr)* := HomK{QR,R). 

The action (Q) of F on J-{Qr) restricts to an action by *-automorphisms of B'q' . It 
turns out that 2^(7) are also *-automorphisms of the deformed algebra structure B!^ 
for any 77 > 0, so that we have: 

(/ x^aT = P x^g^ 

(this is shown in Appendix 1). The pair (fij^, f) is the natural noncommutative gener- 
alization of the orbifold Q/T and will henceforth be called a 'noncommutative orbifold'. 
For part of the following, we will further restrict to the *-subalgebra Ar^ of 



whose underlying set is the Schwarz space S{Qr). As discussed in Ar^ is not only 
a subalgebra, but also a bilateral ideal of . The reason for considering Arj is that 
we wish the operators: 

ZiXr^ = [zi + r]dz^) 

ZiXrj = {zi - r]dz,) (25) 

to preserve our modules. Indeed, these operators preserve Arj, but not B^. Note 
that Arj does not have a unit. As we explain below, if one restricting to ^,j-modules 
only leads to some unpleasant features of the formalism. Since B^ and A^ contain 



only smooth vectors for the action (22), the formalism of [19| is applicable to both 
of them. However, nonunitality of Arj obstructs a standard formulation of connection 
matrices and matrix unitary gauge transformations, due to lack of a good analogue of 
orthonormal bases of the associated hermitian modules. We believe that a better way 
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of treating this problem is to work with the unital algebra from the outset, in which 
case a more natural formalism of connections can be recovered; this is the approach 
we will propose in this paper. In Appendix 1 we sketch how this can be technically 
achieved, provided that a certain 'regularity' condition holds. Note, however, that 
one can always construct a noncommutative connection operator even if one uses Ar^- 
modules only (provided that the assumptions needed for the argument of [jjl hold) . The 
regularity condition of Appendix 2 is needed only if one wishes to recover a standard 
matrix formalism. 



2.3 Noncommutative hermitian V-bundles 



Generalities 

The considerations of section 1 suggest the following definition: A 'noncommutative 
hermitian V-bundle' over [B'^^v) is a pair {£,ue) where £ is a finite projective right 
hermitian ;B5^-module and ue an action of T on by C-linear automorphisms, satisfying 
the compatibility conditions: 

fEisf) = VE{s)v{f) 
< VE{l){si),VE{-f){s2) >= i^(7)(< Sl,S2 >) . 

We will denote i'e{^){s) by s'^ . An isomorphism of noncommutative hermitian V- 
bundles is a unitary module isomorphism compatible with this action. 



We will be interested in unitary connections as defined in [19|, i.e. in maps: 

V : £ ^ [QuT (S) £ 

satisfying the 'Leibniz' property: 

Vt(s/) = Vt{s)f + sdtif) , Vs G V/ G B^, Vt G Qr 

where Vts := (Vs)(i) as usual, and the 'Ricci property' @. Such a connection will 
be called equivariant if it also satisfies condition (^) . Clearly the map Vt obtained by 
restricting a usual equivariant connection Vx to the space of vector fields T defined in 
section 1 is a noncommutative equivariant connection in the above sense. Therefore, 
we have a generalization of the usual notion of equivariant connections. 

Given a right ;S^-module £ and a connection V, an associated ^,,-module with a 
connection is obtained by restriction of scalars. We use the same notations £, V for 
the latter. 

Free noncommutative V-bundles 

If the ;B^-module £ is free (of rank r), then we can give a more concrete description 
of our objects, as in the commutative case. For this, choose an orthonormal basis 
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{si)i=i,,r of £. Quasiunitarity (|2|) of ue allows us to define unitary - valued matrices 
a.y := icr^,ij)i,j=i..r S Mat{r,B^) by: 

j=l..r 

These satisfy (0) and encode the noncommutative V-structure of £. The connection 
1-form is again defined by (|^; it is an element of (Qk)* ® Mat{r,B'^) or, equivalently, 
an M-linear map A : — > Mat{r,B^). Its values are 'anti-hermitian' matrices. A 
simple computation shows that the equivariance condition is again equivalent to (^), 
if we define pQ{'y~^)* A by: 

(pQ(7-^)M)(t) := A{pQ{j-')t)\ Vt G . 

This reduces to the usual pull-back in the commutative case. Under a change of 
orthonormal basis s'^ := SjUji oi S, we again have the transformations (|l^), where now 
U := {Uji)ij=i,,r S U{r,B^). The curvature F of our connection is an element of 
^^(Qr)* ® Homi3aD[£,£), i.e. a skew-symmetric map F : Qr x Qr — > Homs^{£ ,£)■, 
defined by: 

F{s,t)(j := {VsVt - VtVs)a, e £ . 
The matrix of F{s, t) in the basis Si is: 

F{s, t) = dsA{t) - dtA{s) + [A{s),A{t)] . 

Choosing an orthonormal basis ..4 of Qr and defining F^p := F{ea-, e/3) recovers 

the standard formula: 

Faf3 = daAp - dpAa + [Aa, Apjy, 

(where the commutator [j4a,74^]x is computed with the Moyal product). Finally, the 
frame (si)i=i..r gives a right-linear module isomorphism ip : B'i^ — > £, defined by 
ilj{ui) := Si, where (tii)i=i..r is the canonical basis of C, viewed as a basis of C B^ 
via Ui = Ui® lg=o . Then it is easy to repeat the considerations of section 1 , regarding 
V', in our noncommutative context. 

The existence of a unit of B'^ is crucial for being able to define orthonormal bases 
{si)i=i,,r of ;S5^-modules. Indeed, the orthonormality condition < Si,Sj >= Sijls^ 
pressuposes a unit in the base algebra. Therefore, if one considers only Ari -modules 
£, one is not able to define such bases. In this case, it is only possible to define the 
connection form in a more general basis oi£] as a result, its values will not be hermitian 
matrices. Moreover, unitary automorphisms of £ will no longer be represented by 
'unitary' matrices. Therefore, in this situation one is not, in general, able to recover a 
nice noncommutative analogue of the usual matrix formalism. 

Noncommutative product V-bundles 
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The bundles appearing in ( p!7| ) are product V-bundles. This ahows for a straight- 
forward definition of their noncommutative deformation. In the commutative case, the 
space of sections 5 of S has a distinguished presentation as the space of smooth maps 
from Q into the vector space S", that is, we have a module isomorphism S = S ®c 
(from now on, in the commutative case, we restrict scalars from J-{Q^) to Bq^). The 
noncommutative deformation of this is simply: := S ®£ B^, which has a natu- 
ral bimodule structure over B^. As a C- vector space, coincides with 5, but the 
multiplications sf, fs for / G B^ and s £ S are now computed on components by 
replacing the usual point-wise product with the Moyal product x^. The hermitian 
product on is induced from S, and has the desired bilinearity properties with re- 
spect to the new module structure. If Si, 5*2 are two hermitian vector spaces, and 
<S°"'^ := Si ®c B!^ the associated modules, then we can define the tensor product 
i^ri '■= ^B"^ of modules ®r]S^'^ over by considering the left module structure 
on S'^'^ and the right module structure on S^'^ . Since 5°°'^ are ^SJ^-bimodules, the 
result is an ^B^-bimodule. If Si G S°°'^ are sections of 5j, then si (8)^ S2 is computed by 
taking the usual tensor product on the vector space parts Si and the Moyal product 

on the components. Since the Moyal product is associative, the tensor product (^r) 
is associative as well. We have (Si (gi 5*2) (^c B^ = (5^'^) (gi^ S^'^. 

( [TTl ) is a quasiunitary C-linear action on S^, for any value of r], and gives a non- 
commutative V-bundle structure to S^. If Si, 5*2 are hermitian T-modules, then the 
actions on the modules (Si © S2) B'^ and (Si © S2) ©c B^ = (S^'"^) (g)r, S^''' are 
given by z^SieSa = ^Si © 1^52 and J^5i®52 := ^Si ^82 respectively. 

It is easy to see that a noncommutative V-bundle £ is isomorphic to a product 
V-bundle iff £ is free and it admits an orthonormal basis in which the matrices are 
constant: 

dui^'-y) = <77, \lu £ Q 

In this case, give a unitary representation of F, and £ is isomorphic with the product 
V-bundle S ©c induced by the T-module S := (C", a). 

Finally, given a ^S^-module S^ = S ® B^, we can consider the ^SJ^^-submodule 
Srj := S ® Arj = S^ ^B"^ -^rj) where the bilateral ideal Ar^ of B"^ is viewed as a ^SJ^- 
bimodule. In the following, we will denote such submodules simply by S © A^, but it 
is understood that they are always to be viewed as ^B^-modules. For any two sections 
si, S2 of Sr,, we have < si, S2 >S A-q. In particular, no ;S°°-submodule of such a module 
admits orthonormal bases. Note that the modules S ® Arj are not free over B^. 

2.4 V,V^ as operators on sections 

To reinterpret the ADHM construction in the language of noncommutative geometry, 
we view o", r, P, P"*" as operators on sections. To achieve this, we define a 'tautological' 
section z of Q, whose value at any point t £ Q is given by t. Then the section form of 
our operators is obtained by replacing t©, tA in the definition of cr, r with the point- wise 
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tensor/wedge products of sections z(^o,zAo: 

a := {B- z(g)o)®j 
T := [B Aq -idv (zAo)] + i ■ (26) 

We obtain iSff-right linear operators: 

a -.V^Ao^ {Q^VeW)^Ao 
T ■.{Q^VeW)^Ao^V^Ao 

V : {V ®V) (g) Ao ^ {Q CSV ®W) ^ Ao 
V+ : {Q (g)V eW) (g) Ao ^ {V ev) Ao 

Note that z^O; -^Aq preserve i3Q°-modules of the form S Aq, but not modules of the 
form S Bq^. This is the reason for restricting to submodules of the form S ^o- 

If is the action of F on the space Q = Q tX" -4.o of sections of Q, then z obeys the 
trivial equivariance law z^q(7)(z) = z. This implies: 

{z0o) ° J^vil) = l'Q(g)V{7) ° (z^o) 

(zAo) o UQ(g,v{l) = T^vil) ° {z^o) (27) 
which gives the following reformulation of the equivariance properties: 

a o i/y(7) = UQfg^vewil) ° o- 

r o i^Q^V(Bw{l) = ^vil) ° T- (28) 
V o uv(Bv{l) = J^Q^ve 11/(7) ° ^ 

2.4.1 The noncommutative equivariant ADHM construction 

Let r] := C/2. Then we define i3^-right linear operators: 

a : V (g) Ar, ^ (Q <E)V eW) (g) Ar, 

t: {Q^VeW)g)Arj^V^Ar^ 

V : {V ® V) (g) Arj ^ {Q (g V Q W) (g) Arj 

V+ : {Q (gV (BW) (g A^ ^ {V (BV) (g A^ 

by replacing z(g, zA in (|2^) with zg)r], zAr/'. 

a :={B- z(g^)e)j 
T := [B Aq -idv fg (zAr,)] + i . 

Here z®^, zAr^ are defined by using the usual tensor product on the vector space parts 
and the Moyal product on the scalar components. These operators are right ;B2°-linear. 
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Note that, since z does not belong to Q ^ -BJ^, this is not quite the module tensor 
product consider above (despite the similar notation). However, it clearly has the 
same equivariance properties. 

As remarked in the commutation relations obeyed by ZjjZj assure that the 
validity of the key properties to = 0, cj"^(t = rr"^. Thus we have: 



p+p = l20A= ^ I (29) 




with -.V ® An ® Ar,. 

We define a right ;S^-module hy E-q := kerP"*"; this is a submodule oiUri := [Q ® 
V © W) ® Arj- In the commutative limit r] = 0, reduces to the module of sections £ 
of the bundle E constructed before. Note that £r] does not, in general, coincide with £ 
as a set . carries an valued hermitian product induced from Urj ■ 

The equivariance properties of z,T),T)~^ are again given by (p^), (with Cgio replaced 
by (Sir]) and (|2^). It follows that iS^ is F-invariant. In particular, iS^ carries a natural 
action I'c^ of T by C-linear quasiunitary automorphisms, given by the restriction of 
lyjj. Therefore, {£n,i'E) is a hermitian noncommutative V-bundle over (^^,z^). 

By assuming that A is invertible on 1/ (8) Arj, it follows that the operator: 

Vn ■■= I - A-^)V+ (30) 

gives an orthogonal projector of the hermitian module onto i?^. Then the null 
connection V'' = d oiU^ induces a connection in iS^: 

Vt(s) := V^V^tis), yt e Qm, yse£r, . 



It is easy to see that the usual argument for anti-self-duality of the induced con- 
nection carries over unaffected to the noncommutative case. Therefore, the connection 
has anti-self-dual curvature. This is our noncommutative instanton. Indeed, the 
curvature F of V is given by the 'Gauss equation': 

< F{V,W)SI,S2 > = < n^Sl,n„S2 > - < n^Sl, 11^,52 > , 

where 11 = (1 — Vn)d and 11^, = (1 — T'n)dv Since "D+s = for all s £ £rj, we have 
V+d= {dV+) = {di)+TiQ^v (onf^), where ttq^v ■ {Q®V ®W)® A^ ^ {Q^V)® Ar, 
is the orthogonal projection and : 



-Z2 Zl 
Zl Z2 



with Zi : Q ^ C the coordinate functions in an orthonormal basis of Q. This gives 
n|£-^ = I?(l2 A~^)(d^)+7rQ0y|£-^, which implies: 

F{v,w) = Vrj[TT^^vdC{v)ih © A)dC{w)+TTQ^v -{v< — >w)] 
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i.e. 



+ / dz2^dz2 + dzi^dzi -dz2^dzi + dzi^dz2 \ , . 

^ - ' V^Q^W y -dzi^dz2 + dz2idzr dzi\dz^ + dZ2\dZ2 J ""^^^ ' 

F-invariance of £rj reads: 

wliich (together with equivariance of V*^) immediately yields equivariance of V. 

At this point, we have constructed a noncommutative instanton connection in the 
iSJ^-module £-r^. Since this module cannot admit orthonormal bases, we do not yet 
have a nice analogue of the usual matrix formalism. Assuming as in Q that £^ is 
free as an .A^-module, one can consider orthogonal bases of the .A,,-module obtained 
from by restriction of scalars and define connection matrices in such bases. If one 
attempts to construct the unitary isomorphism if) : Ar^ — > <5,; of directly at 

this level, one runs into various problems of normalization which make the formalism 
rather cumbersome. Instead of attempting to develop a formalism along these lines, 
we take a different point of view, arguing for the existence of an extension of the 
projector Vn to the module , which will allow us to construct an extension 8^ 
of the ;S5^-module £r)- Provided that certain technical assumptions are satisfied, it is 
then possible to argue that the extended ^S^-module E"^ is free, and in this case one 
can consider orthonormal bases of it, thereby obtaining a satisfactory formalism of 
connection forms. In the following, we will only sketch the idea of this construction. A 
more detailed account is given in Appendix 1, in the framework of Weyl quantization. 

Extension to £^ 

Although the operators P, do not preserve the ^BJ^-modules {V ®V) ® B'^ 
and {Q ®V ® W) ® B^, they are always defined on these modules if we allow them 
to take values in a more general space (essentially a space of distributions). Thus we 
can always define £^ to be the kernel of on {Q (g)V ® W) B^, which is a right 
iSJ^-module. In particular, relation (^) still holds for these generalized operators. If 
we make the (nontrivial) assumption that the operator 'D{l2 A~^)'D~^ extends to an 
operator which preserves the space := {Q Ci^ V (B W) B^, then (|30|) gives an 
orthogonal projector "P^ oiU^, which extends the projector "P^ and maps onto 
£^ . Using instead of P^ and starting with the null connection on lA!^ , we have an 
induced connection on £^ which extends the connection V. The self-duality argument 



proceeds unaffected and the curvature is still given by (31). 



By further assuming that there exists a unitary isomorphism ^ : ® B^ £^ 
(which amounts to saying that £^ is free as a iSJ^-module), we can construct iSJ^-valued 
matrices A, cr^ as before. Again a trivial computation shows that: 

Aji =< Uj, {ip'^ o do ip){ui) > 
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where Ui = Ui® Ib^- The construction of %[) is further discussed in Appendix 1. 

To give at least a rough justification for the extendibihty of Vr^-, note that, in the 
commutative case (and for ADHM data of trivial stabilizer), the projector V of section 
2 preserves the module Uq^ . Indeed, Pt € Hom{U, U) is a smooth function of t G Q 
and has a limit at infinity given by the orthogonal projector Pqo on the fiber E^o = W . 
Since should 'continuously' reduce (in a suitable sense) to "P as ?? tends to zero, 
this indicates that the desired condition may be satisfied. Further discussion of how 
the extension of Vj^ could be achieved is given in Appendix 1. 



3 Discussion of the moduli space 

Our noncommutative instanton moduli space: 

A^{C,o)(^,W^) := G PT{V,W)\^ir{B,i,j) = -'-CIdv;fic{13,i,j)=0}/Gv 

(32) 

is a particular example of a quiver variety. Such varieties were studied in detail in |^, 
to which we refer the reader for background. For the convenience of the non-expert 
reader, the main results of relevance for us are summarized in Appendix 2. 

As expected, the limit C = gives the moduli space M.o(y,W) of F-equivariant 
ideal instantons on Q, which was discussed in section 1. In the case C < 0, the results 
of Q imply that A4(^^^()){V,W) is always smooth and that it provides a resolution of 
singularities of M.o{V,W). The differential and complex structures of A^(^^o)(^;^) 
are independent of the parameter ^, which controls only its Kahler structure. Our 
construction gives a noncommutative-geometric interpretation of this resolution: as 
in Q, deforming the orbifold to its noncommutative version resolves the singularities 
of the ideal instanton moduli space. However, as we discuss below, the geometry of 
the orbifold situation is richer. The reason is that the noncommutative deformation 
effectively eliminates the orbifold point, thus implicitly achieving the resolution of the 
orbifold. 

As reviewed in Appendix 2, a general quiver variety is obtained by considering ar- 
bitrary central levels C of both the real and the complex moment maps in (^). For 
generic values of C, such a variety is a smooth hyperkahler manifold. For fixed V and 
W, the differential structure of a generic (in the sense defined in Appendix 2) quiver 
variety is independent of the value of C, which controls only its hyperkahler structure. 
Since diagonal levels as in (32) are always generic, it follows that A^(^^o)(^; ^) gives a 



differentiable model for all generic quiver varieties of the same type (V, W). Therefore, 
working with our particular deformation of the ADHM equations suffices to capture all 
of the differential-geometric aspects of the resolution. The situation is more compli- 
cated if one takes into account the complex structure, or the full hyperkahler structure 
of A4(^i^^Q)(y, W), as we discuss below. 
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3.1 Instanton interpretation 

In certain situations, the hyperkahler manifold A4(^_o)(K^) admits an interpretation 
as a moduli space of instantons over a smooth ALE space. Such moduli spaces were 
constructed in They are also given by quiver varieties, but not any quiver variety 
admits such an interpretation. The obstruction to this is a 'tracelessness' condition, 
discussed in detail in Appendix 2, which can be satisfied by our moment map level 
only if the F-module V is such that there exists an z G {0..r} for which Vi = 0. 

If this condition is satisfied, one can in general find a smooth ALE space ^(^,o) 
such that o)(^5 ^) coincides (as a hyperkahler manifold) with the moduli space of 
instantons over -^^(^,0) (the parameter ^ is related to C as explained in Appendix 2). The 
underlying complex manifold of ^(^,o) is the minimal resolution of the Kleinian orbifold 
Q/T, while ^ controls its Kahler structure. Therefore, in this case, the resolution 
mechanism admits a purely classical geometric description, namely as a blow-up of 
the orbifold Q/T to ^(^,o)) which takes equivariant ideal instantons over Q/T into 
instantons over the resolved space. 

The reason why the blow-up of Q /T suffices (in this case) to resolve the equivariant 
ideal instanton moduli space can be understood as follows. When Vi = for some i, the 
r -module V does not contain the regular representation. Therefore, as we discussed 
in section 1, point-like equivariant instantons can only occur at the orbifold point. The 
resolution of Q/T removes this point, and, since V does not contain R, Proposition 9.2. 
of [0 assures us that no point-like instantons can form on the resolved space -^(5,0) • 

A particularly pleasant outcome of this situation is that we can obtain the ALE 
space -^(§,0) itself via our noncommutative construction. Indeed, it was shown in ^ 
that ^(^,0) = -^(C,o)(-^0 RotQ), i-e. -'^(^.o) coincides with a particular moduli space 
of SU(2) instantons over itself. By our construction, A"(^ g) also coincides with the 
moduli space of noncommutative equivariant instantons over the deformation of the 
orbifold Q/T. The limit ^ ^ (C — > 0) gives the moduli space of equivariant ideal 
instantons over Q/T, of C2{E)[S^] = |r| — 1 and isotropy representations Eq = 2Rq 
(trivial 2-dimensional representation) and = Q, which indeed coincides Q with 
Xo = Q/T. 

3.2 Sheaf-theoretic interpretation 

The underlying complex manifold of A^(^ o)(^)^) also admits an interpretation as a 
moduli space of equivariant torsion-free sheaves (framed over the line at infinity) over 
CP^ We give a sketch of the relevant arguments in Appendix 2. 

3.3 Methodological considerations 

The instanton interpretation of the quiver varieties is obtained [0, essentially by 
replacing the bundles V_, Q (^^ V_ (B W_ appearing in dH) with bundles {V (g> TZf, {Q ® 
V ® nf ®{W ® Ttf, where 7^ is a rank |r| 'tautological' bundle over X^, related to 
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the description of as a hyperkahler quotient. Then one hfts the operator z® to a 
section A of Q®End{JZ). This hfts the monad (16) to the ALE space, allowing one to 
perform an ADHM construction over X^. 

Our procedure above was entirely different in spirit, insamuch as we did not resolve 
the orbifold Q/T 'by hand'; rather, we deformed its algebra of smooth functions, which 
effectively resolved it via the uncertainty principle: since individual points cease to have 
a well-defined meaning, the orbifold singularity is lost in the noncommutative 'fuzz'. 
The remarkable fact is that this apparently purely algebraic procedure gives a moduli 
space which has a classical geometric interpretation: for Vq = 0, at least, instantons 
over the noncommutative deformation of the orbifold correspond to instantons over 
the resolution of the orbifold. 

In |||] it was shown that Nakajima's resolution [15| of the ideal instanton moduli 
space over R"^ admits a noncommutative interpretation. The singularities of that space 
are due to instantons collapsing to zero size, and the heuristic reason for their smoothing 
out in the noncommutative set-up is that such a collapse is not possible once the 
fuzziness of the base space is taken into account. The moduli space of equivariant 
ideal instantons has a qualitatively new singularity due to instantons collapsing to zero 
size at the orbifold point. The noncommutative deformation of the orbifold effectively 
eliminates this point, thereby smoothing out this type of singularity as well. Therefore, 
the resolution mechanism is heuristically identical to that of [||. 



4 Conclusions and further directions 

By studying the noncommutative version of the equivariant ADHM construction, we 
showed that the quiver varieties of admit an interpretation as moduli spaces of 
instantons over a noncommutative deformation of the Kleinian orbifold. In particular, 
the ALE spaces of can be described as a moduli space of |r| — 1 SU{2) non- 
commutative equivariant instantons. These spaces also admit a description as moduli 
spaces of equivariant torsion- free sheaves over , which lends further credence to the 
conjectural correspondence Q between noncommutative instantons and torsion-free 
sheaves. 

There are two main lessons that we can learn from this, one of a physical and 
one of a mathematical nature. The physical lesson is that it is possible to describe 
moduli spaces of objects over the resolution of a singular space as moduli spaces of 
similar objects over a noncommutative deformation of that singular space. We believe 
that this approach can play an important role in clarifying the nature of space-time 
resolution processes in matrix theory. The mathematical lesson is that rather nontrivial 
manifolds can be constructed as moduli spaces of noncommutative objects, and that 
classical geometric processes such as the minimal resolution of orbifold singularities 
admit a noncommutative geometric realization. 

One point which we believe to be worth further study is the precise nature of 
the relation between torsion-free sheaves and noncommutative instantons. Both in 
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Q and in the present paper, such a correspondence was constructed at the level of 
moduli spaces only, but it is important to understand it at a more fundamental level. 
Namely, one would hope to have a relation between torsion-free sheaves and anti-self- 
dual noncommutative connections which is similar to the Hitchin-Kobayashi corre- 
spondence between stable holomorphic bundles and instantons. The best approach to 
this problem may be to view the noncommutative deformation of the base space as 
a certain type of regularization. Indeed, a generalized Hitchin-Kobayashi correspon- 
dence was constructed in |^2[ . This associates a singular Einstein-Hermitian connection 
(of square-integrable curvature) to a polystable reflexive sheaf, and one may suppose 
that similar results could be derived for more general sheaves, if one replaces square- 
integrability with a weaker condition. We believe that the noncommutative deforma- 
tion acts as a regulator of such connection singularities, which probably renders the 
curvature 'square-integrable' in the noncommutative sense, similar to what happens 
in the examples considered in [|[|. Such a 'noncommutative' Hitchin-Kobayashi corre- 
spondence may shed considerable light on the precise meaning of the relation between 
D-brane and instanton moduli spaces in string theory. 

Another interesting issue is the generalization of the previous results to the case of 
a compact base space, in particular to the case of orbifolds of noncommutative tori. 
This may help solve the problem of understanding the resolution of such singularities 
by D-branes. A direct approach to this problem leads to rather singular connections, 
which could be regularized by noncommutative- geometric methods. 

Finally, let us note that the procedure we used consists essentially of deforming 
the standard moment map to a noncommutative version, thereby absorbing nontrivial 
values of its level into the non-commutativity of the base space. Since symplectic 
quotients appear in the description of moduli spaces of various types of objects (as 
well as in the theory of Hamiltonian reduction of mechanical systems) , it would very 
interesting to see whether a systematic deformation procedure exists in a more general 
set-up. Such a theory may contribute to a better understanding of the relation between 
classical and 'quantum' geometry. 
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A Weyl quantization 

We start with the hermitian vector space (Q,<,>) ( <,> is anti-linear in the first 
variable). Let (, ) := Re <, > and uj(, ) := Im <, > be the associated Euclidean scalar 
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product and symplectic form on the underlying real vector space Q^. Fix rj ^ 0. 
Quantization of the symplectic space {QM.,rjuj) is achieved by considering a (strongly 
continuous) Weyl system Wrj : Qm. ^('^)) with 7i a (separable) Hilbert space, 
satisfying the property: 

W^{s)W^{t) = W^{s + t)e-5H'^(«.*) 

{s,t E Q). By von-Neumann's theorem, any such system is unitarily equivalent with 
the standard one, realized on the symmetric Fock space Ti. over {Q, < . >) by the oper- 
ators (we use the formalism of []30| , with the trivial deformation obtained by rescaling 
the creation/annihilation operators given there by \/[?/[)- 

Here Q-qis) := -ij[a+(s) + 077(5)] is the Segal operator with a+(s), 0,7(5) the generation 
and annihilation operators of ||3^. The latter are C-linear, respectively anti-linear in 
s and satisfy: 

[an{s),a:^{t)] = \rj\ < s,t> , [a,,(s), a,,(t)] = , [a+(s), a+(t)] = 

for all s,t £ Q. The usual creation and annihilation operators ~^,aj (i = 1,2) are 
obtained by choosing an orthonormal basis £ := (ej)j=i^2 of {Q, <, >) and considering 
the associated real basis (e, := e^, ei+2 := 1^1)1=1,2 of Qr. The latter is an orthonormal 
basis of {Qr, (,)) and a canonical (i.e. Liouville) basis of ((5m,cj). Then: 

:= ar^{ei) , aj := a+ {ei) , 

while the usual momentum and position operators are : 

Q^, := Qrjie,) , := Q^{e,+2) ■ 

These have the nontrivial commutators: 

The subspace TLq of states with a finite particle number is a dense subspace of the 
symmetric Fock space Ti. In the position representation, we have 7i ~ L'^(M^) and we 
define a dense subspace TIq of Ti by TIq 5(M^). All operators we consider are densely 
defined on subspaces of TL containing TLq and preserve TLq. 

For any Schwarz function / G S{Qr), define its Fourier transform by: 

where dt is the natural Lesbegue measure on {Qm., (, ))• Then Weyl quantization of the 
phase space distribution / is achieved by the operator: 

W] := / dt fci-t)W,{t) . (33) 
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where 

' /,if r]>0, 



/,if r/<0 



fc-.-- 

This has the conjugation property: 

W]. = {W])+ . 



The Weyl correspondence (33) can be extended to various spaces of functions and 



distributions on as explained in [p3, 29, 26 1. 



If f,g are such that W^W^ are weh-defined operators from Tio to Tio, then the 
Weyl correspondence maps the operator product W^W^ into the Moyal product f x^jg 
via the relation: 

In particular, this product makes 5((5r) into an involutive algebra, which we denoted 
above by As a set, Ari is independent of r]. The r/-dependence enters only through 
the product x^. For f,g £ S{Qm.), the Moyal product is given by: 

fx,g = [e-'2V^^''-'''^^f{u)g{v)]u=.:=s 

where vr is the symplectic form induced by to on the dual space (Qr)* = Hom^{QK, W) 
and du,dy denote the total differentials du{f) ■= duf G Hom^^QM.,^)- This relation 
is valid for any sign of rj. Note that taking r] into —rj amounts to replacing / x^^ g by 
f x_^ g = g x^ f, i.e. 'transposing' the algebra structure on Ar^. 

Choosing a basis £ as before, one defines the real and complex coordinate functions: 

Xi{s) := s' , Xi+2{s) ■■=Pi{s) := 5^+* 
Zi := Xi + iXi+2 , Zi := Xi- iXi+2 

where s = J2a=i.As"(^a = z^{s)ei £ Q. Then TTa^/s := 7r(e*,e^) = -uja,i3 ■= -uj{ea,€i3) 

and df = J2i=i,2 + §^)^ where (e* )q,=i..4 is the basis dual to {ea)a=i.A- This gives 
the standard form of the Moyal product: 

fxr,g = (9.,d,^-9p.d^.)g . 

The Weyl quantizations of Xi,pi are the operators Q^,Pl', respectively. The Weyl 
quantizations of {zi,^i) are (in this order) (\/2a^, V2a1 for r/ > and (\/2a^ +, ^/2a^) 
for r/ < 0. These give the Moyal products (^) for all 7^ 0. 

Action of phase-space translations and smooth vectors 

The Weyl group has an 'adjoint' action by *-automorphisms of the C*-algebra B{7i) 
of bounded operators in Ti: 

B W{t)BW{tY^, e B{n) . 
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Let Bc{7i), B°°{TL) be the subalgebras of continuous, respectively smooth vectors for 
this action. It was shown in ||2^, |2|] that Bc{H) is a C*- subalgebra of B{H), B°°{H) is 
a dense *-subalgebra of BciTi) and that the Weyl transform is a *-algebra isomorphism 
from to B°°{Ti.). The adjoint action of the Weyl group is mapped into the action 



(H) of (Qm,+) on^~: 

w2^(^f^ = w,m-'u)w]w,m-''u)-' . 

The action of the orbifold group 

For any 7 G F, let be the 'second-quantized' form of the unitary operator 
Pgi'y) G U{Q, <, >) in our symmetric Fock space. is independent of t] and satisfies: 

which give: 

W^{pQij)s) = U^W^{s)U-' . 

Then it is easy to see that: 

wl = u,w]u-' , 

which implies that the transformations i^-y '■ f ^ f-y are *-automorphisms of B"^ . 



A.l The operator version of the ADHM construction 

For what follows we take 77 < 0. The Weyl transform maps the algebraic ADHM 
construction of section 2 into an operatorial construction, which we explain below. 



The operator z 

The Weyl quantization rule (^) has a trivial generalization to vector-valued func- 
tions s if we replace / by s in both sides. In this way, we can 'quantize' any section of 
a trivial vector bundle S_. In particular, we can define the Weyl transform := 
of the tautological section z of Q. In an orthonormal basis, this is given by: 

Zr, = V2a- ^ei = z-ei 
and is a (densely-defined) closed operator from 7i to Q ®7i. 



Operator form of V, 

The Weyl quantizations VzjVf of Vz,V^ (viewed as sections of the associated 
bundles of homomorphisms) are given by replacing t with z^ in (|l] 
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If 5 is a (finite dimensional) hermitian vector space, let Tis be the Hilbert space S® 
H and := S the associated dense subspace. Then Vz^T^t ^-^^ densely defined 
operators between Tiv^v and 'Hq(^v®w-, whose domains contain Tiy^y, respectively 
'^'q®v®w- They are closable on these subspaces, since z^^z^^ are closable. Denote 
their closures by the same letters. For any operator A, denote its domain by d{A). 

The construction 

Consider the operator VfVz, defined on the set M. = {x £ d{'Dz)\VzX G d{'D^)} 
(which includes '^Q(^y©iy)- It is well-known (see, for example, ||25|) that V^Vz is 
self-adjoint on M. By the ADHM equations, this operator has the form : 

*t*. = 1.0A=(^ 1) 

with A = a^dz = TzT^ a self-adjoint operator on M = d{fzf^) = d{afaz) C 7iv 
(containing Hy) with values in Hy- The set Ai equals M © M. Assuming as in ^ 
that A is (strictly) positive, its inverse A~^ is a bijective bounded operator from Tiy 
to M. We further assume that A-i(W^) C W^. 

The projector V 

Let K := kerVf and P be the orthogonal projector on K in Wg^vevF- Then it is 
not hard to see that (with the assumptions above): 

For any (finite -dimensional) hermitian vector space S, consider the space Bs ■= 
B{TC,Ti.s) = S BiTL) of bounded operators from TL to TLs- This has a natural 
hermitian B(Ti.)- module structure given by < ^, -B >:= A'^B. We also let As,B'g' 
be the subsets of operators in Bs whose Weyl symbols belong to S" S{Qm.), S (gi Bq^, 
both viewed as S°°('H)-modules. As is a ;B('H)-submodule of Bs- The Weyl transform 
(acting on both the module and the base algebra) gives a unitary isomorphism between 
the modules S (gi B^, S Arj and B'g', As respectively. 

P induces an orthogonal projector V of the hermitian module BQ(2)Ve,w via: 

V{A) := PA, yA G BQ^vew ■ 

V projects onto the subspace £i, of all A G Bq(^v®w whose range is a subset of K. If 
A G BQ(^y@w preserves TLq, then clearly A G iff V^AIt^^ = 0, which is equivalent 
to the fact that D'^ annihilates the Weyl symbol of A. 

Now further assume that V preserves ^g^yeVF- In this case, let £ := P{AQ(g)Vew)- 
Then the Weyl transform maps £ to the i3^-module and V to the projector used 
in section 2. 
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The map 



Choosing an orthonormal basis of Q for simplicity, we can write: 

Vt = {Dt,V) , 

where Df is the closed densely-defined operator from 'Hq(^v to TLvov given by: 
while V is the bounded operator from TLw to TLv^v given by: 




The domain of is the direct sum of the domain of D'^ with the entire space W ®7i. 
Assuming as in jl| that does not belong to the spectrum of we have a bounded 
inverse i?o := defined on Hv^v- Defining a bounded operator S := RqV : 

H-w 'Hq(2)V, the kernel K of Vf coincides with the graph of —S. Define ^'o := 
i—S)Q)id'Hw '■ '^w 'Hq^v®w and let ^ := {^q'^q)~^^'^'^o be its unitary part. Then 
^ induces a map of hermitian modules : Bw — > ^Sg^y^vF by 

i;{A) := ^A, VAeBw ■ 

Since im^ = K, this gives a unitary isomorphism between the hermitian modules Bw 
and £b- Assuming that ^{Aw) = £, the inverse Weyl transform gives the map used in 
section 2. 

Extension to £°° 

It is clear from the above that we can extend the whole discussion of the ADHM 
construction to the modules V B°^, {Q (i^V (^^ B°") etc. provided that P satisfies a 
slightly different condition, namely that left multiplication by P maps B^^y^^y into 
itself. In this case, we can define £°° = V{£b) = {A e BQi^yf^yylimA G K}. Then 
the inverse Weyl transform of P gives the projector V!^ of section 3, while the inverse 
Weyl transform of £°° gives the module Despite its apparent simplicity, this 

'regularity' condition on P is nontrivial. It could be tested, in principle, by computing 
the anti-Wick symbol of P and using the results of pl| . 
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B Quiver varieties, instantons over ALE spaces 
and the resolution of the moduli space of orbifold 
instantons 



Definitions and basic results 

One starts with equivariant ADHM data as in section 2. Let gy be the Lie algebra 
of Gv and Zy be its center. By the decomposition V = ©i=o..rVi we have 
Gv = ^i=Q..rU{yi), gv = nj=o..r'^(Vi) and Zy is the subset of skew-hermitian operators 
which are diagonal on each Vi. We identify Zy with the set: 

Zv := {C = (Co-Cr) G = if Vi = 0} C 

via the map C G Zy ^ ^ := | (Bk=o..r Ck^Vk- before, we have a hyperkahler moment 
map /i : Pr — > (g) gy or, equivalently, a real and a complex moment map fir = /xi, 
/^c = /"2 + ifJ-s- 

The resolution of the equivariant instanton moduli space can be achieved by re- 
placing the usual ADHM equations with their inhomogeneous version. For this, let 
C G Zy. Define the following quiver varieties [^: 

M^iV,W) := {iB,i,j) G Pr{V,W)\fl{B,i,j) = -Q/Gy 

M'-y{V,W) := {iB,i,j) G Pp'^{V,WmB,i,j) = -Q/Gy C M^^{V,W) . 

In general, J^^{V,W) has complicated singularities, but M.^^^ {V,W) is a smooth hy- 
perkahler manifold, of dimension d{v, w) = 4:vw — 2vCv. 

To give a sufficient criterion of smoothness of M^{V, W), one defines: 

■= {9 = (00. .Or) G {Z>oY+^e^ce < 2} - {0} 

R+{v) := {6 G R+\ek < Vk,yk = 0..r} C R+ 
and, for all 6 G R+: 

Dg := {x = {xo..Xr) G W'^'^l 'Ek=0 r ^k^k = 0}. 

We say that C G M Zy is generic if C, does not belong to U5ig/j^(i;)M ® Dg. If C is 
generic, then it is shown in |^ that: 

{l)M^{V, W) = M''^^{V, W). Thus A4^(y, W) is smooth; moreover, its hyperkahler 
metric is complete. 

(2) Assuming further that M'^^^^^ ^{y,W) is nonempty, then there exists a map 
Ai^iy, W) — > 7W(o,Cc)(^i ^) which is a resolution of singularities. In particular, given 
Cr G Zy such that (Cr^O) is generic, we have a resolution M.{c_^fi){V,W) — > M^iy^W). 
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For any which are generic, the manifolds Ai^{V,W) and M'^(V,W) are dif- 
feomorphic. Hence given a generic (CrjO)? the manifold A^(^^ g) provides a differential 
model for all Ai^iV, W) with a generic 

Instanton interpretation 

If the parameters C £ ® Zy have a particular form, then J^^S^ {V,W) admits 

an interpretation as a moduli space of instantons over an ALE space, while Ai ^(V, W) 
coincides with the associated moduli space of ideal instantons. To explain this, we first 
describe Kronheimer's construction of ALE spaces as hyperkahler quotients. 



Kronheimer's construction of ALE spaces 



According to [24|, all 4-dimensional ALE spaces can be obtained as hyperkahler 
quotients. For this, consider V = R (the regular representation of F) and W = 0. In 
this rather degenerate case, the central ?7(1) subgroup of Gr = Ur{R) acts trivially 
on Pp^ {V,W). To overcome this pathology, one replaces Gr by the quotient group 
G'j^ := Gr/U{1), which acts freely. The Lie algebra g'^ of G'^ is the traceless part of 
the Lie algebra of Gr. Its center Z'j^ is formed of r x r traceless diagonal matrices, 
with eigenvalues occurring in blocks of dimensions Uj [j = 0..r). This can be identified 
with: 

Z'R:={{io-ir)\ E ^^^^ = 0} CM''+^ 

1=0. .r 

via the map ^ = (Co--'^r) ^ C •= § ®k=o..T CfelVfc • One chooses |* G Z'j^ and defines: 
X^:= {{B,i,j) G Pr{R,0)\fl{B,i,j) = +h/G'R 

:= {iB,i,j) e Pp\R,omB,i,j) = +h/G'R . 

The parameter |* is called non- degenerate if |* G — 'Je€R+-{qn\q&}^'^ ® ^e- 

If ^ is non-degenerate, then one has = X^^^ and X^ is a smooth ALE 

hyperkahler manifold of real dimension 4, which is diffeomorphic with the minimal 
resolution of the Kleinian singularity Q/T. For = 0, one has Xq = Q/T. 

A more useful form of the non-degeneracy condition can be obtained as follows. 
Consider the set $ := G 'L^\^^,j^^ ^C^j9^9j = 2}, which can be identified with 
the set of simple roots of gr. Then (0o--^r) (^i — ?^l^o^ --i^r — UrOo) maps the set 
R\ := i?+ — {qn\q G Z} onto <1>, while the map (^i..^r) {—J2k=i..r''^kCki^i--^r) is a 
bijection from W to Z'j^. Using this, is is easy to see that ^ G M^(8)Z^ is non-degenerate 
iffE.=i..r^¥i/0, V0~G<I>. 

X^-can be presented as a quiver variety as follows. Choose V = RqRq and W = Q. 

Then R^{R Q Rq) C R\ can be identified with <I> in the obvious way and it is clear 
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that I* G Z'j^ is non-degenerate iff = {Ci--Cr) is generic. In this case, it is easy to 
see that [§, 0]: 

Moreover, by the results we discuss below, M.^^^^{R Q Rq, Q) coincides with the mod- 
uli space of instantons over (framed at infinity) of topological invariants ci = 
0,C2[X^] = ^^j^p and isotropy representation at infinity given by Q. 

Instanton description 

Define a map (j) : Z'j^ Zy by : 

where Sj := or 1 according to whether dimcV^ = or 7^ 0, and let Zy be the image of 
this map in Zy. In general, Zy is strictly smaller than Zy . The desired interpretation 
is possible only if C € Zy. More precisely, let ^ G ® be non- degenerate and 
let C := 0(C). Then we have the following statements [Q, ^J: 

{a)Ai^J^^ (V,W) coincides with the moduli space of instantons (framed at infinity) 

over X^ (of Chern classes and isotropy representation at infinity determined by V, W 
as explained in Q); 

{h)Ai^{V, W) coincides with the associated moduli space of ideal instantons. 
Note that : 

(a) If 1^ / for at least one i e {0..r}, then Zy = Zy, i.e. (f> is surjective; in this 
case, Zy = Zy and we have an instanton interpretation for all (f associated via (j) with 
a non- degenerate ^ £ Z'^. 

(/3)If / for ah i = 0..r, then Z^ = {C = (Ci-Cr) G M'-+^| Ei=o..r ™iCi = 0}, 
while Zy = M'^^. In particular, (f) is not surjective and Zy is strictly smaller than Zy. 

Diagonal levels of the real moment map 

Given a real parameter consider the moment map level = — fCly^^c = 0, 
which is represented by the parameters Cr = (■so---'5r)Ci Cc = 0. It is immediate that 
(Cr, 0) is always generic, so that M.(^c,fl){y, W) := A^(^,,^o)(^; ^) is always smooth. Now 
consider the ALE instanton interpretation for this space: 

(A) If Vi 7^ 0,Vi = 0..r, then all Sj are strictly positive and C,r never belongs to Zy. 
Therefore, an ALE instanton interpretation is not possible. 

(B) On the other hand, liVi = Q for at least one i (in which case Zy = Zy), and if 
(Cri 0) = <^(Cr)) with a non- degenerate then the hyperkahler manifold A^(fr,o)(^) 
coincides with the moduli space of instantons over the smooth ALE space X^ . 

To see whether (Cr, 0) can be represented by a non-degenerate consider the most 
restrictive case, namely when Vm = for some m S {0..r} and 14 7^ 0, Wk ^ m. In 
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this case, the equation (/)(^) = (CnO) has exactly one solution, namely = and 
= — ^n^"" ^' ~ ^' Vi 7^ m, where N := J2k=o..r''^k- It is easy to see that such a 
{^r, 0) is in general non-degenerate, but we do not have a uniform proof that this holds 
for any group T. The case Vq = 0, Vi 0, Vi = l..r is particularly simple, since in this 
situation we have J2i=i..r ^l^i = CJ2i=i..r^i^ which is nonzero for any 6 G ^. 

Thus (^r;0) is non-degenerate for any T and any V such that Vq = 0, and in this 
case, at least, one can represent the hyperkahler manifold A^(^,, o)(V^, VF) as a moduli 
space of instantons over the smooth ALE space q)- 

Sheaf-theoretic interpretation of A4(^ o)(K^) 

The sheaf -theoretic interpretation of A^(^ o)(^)^) can be obtained essentially as 
follows. Consider the ('commutative') sequence (|T^ ) for data satisfying the homoge- 
neous complex ADHM equation. By virtue of this equation, (|l6| ) is still a complex: 
TO" = 0. Replacing the bundles by their sheaves of holomorphic sections, we can pull 
this back to a sheaf complex over CP^ via the usual projection p : CP^ Q. p takes 
the line /qo at infinity in CP^ into the point oo G Q, so the resulting sheaves over CP^ 
are trivial over /qo- Moreover, p* takes any framing over oo into a framing over Zoo- An 
equivariant version of the argument in [^] shows that the first map of the resulting 
complex is always injective (as a sheaf map), while the second map is surjective iff 
condition (b) is satisfied, which is in turn equivalent (using the 'transpose' form of 
Proposition 3.5. of ||9|) with the requirement that the Gy-orbit of {B,i,j) intersects 
the level = —^Qldy (the fact that C < is crucial at this point). Thus, we have a 
sheaf monad over CP^ iff there exists a 5 € Gy such that 

Mgl3ig'\gB2g~^,gi,jg~^) = -^Qldy ■ 

Moreover, such a g is determined up to multiplication on the left by an element of Gy- 
The cohomology of the CP^ monad gives a sheaf, which carries an induced action of 
r. Repeating the arguments of |^, |l^ in this context, the quotient: 

{iB,i,j)\fi,{B,i,j) = and G^{B,i, j) n fi;:H-^CIdv) + ^}l{Gyf 
gives a moduli space of T-equivariant torsion free sheaves (framed over Zoo) over CP^, 
which can be identified with the complex manifold A^(^ o)(^5 W\ 
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